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The multistability of composite thin structures has shown potential for morphing applications. The pres-
ent work combines a Ritz model with path-following algorithms to study bistable plates’ behaviour. Clas-
sic low-order Ritz models predict stable shapes’ geometry with reasonable accuracy. However, they may
fail when modelling other aspects of the elastic structural behaviour. A reﬁned higher-order model is here
presented. In order to improve the inherently poor conditioning properties of Ritz approximations of
slender structures, a non-dimensional version of Classical Plate Lamination Theory with von Kármán non-
linear strains is developed and presented. In the current approach, we continue numerical solutions in
parameter space, that is, we path-follow equilibrium conﬁgurations as the control parameter varies, ﬁnd
stable and unstable conﬁgurations and identify bifurcations. The numerics are carried out using a set of
in-house MATLAB routines for numerical continuation. The increased degrees of freedom within the model
are shown to accurately reﬂect buckling loads and provide useful insight into the relative importance of
different aspects of nonlinear behaviour. Finally, the complex, experimentally observed snap-through
geometry is captured analytically for the ﬁrst time. Results are validated against ﬁnite elements analysis
throughout the course of the paper.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
The present paper introduces a systematic approach for the
study of a distinct nonlinear structural problem i.e. multistability
of composite panels.
In the recent past, the subject has received signiﬁcant attention
because multistable slender panels have shown potential for
morphing applications (e.g. Dano and Hyer, 1998; Seffen, 2007;
Kebadze et al., 2004).
Nevertheless, since dealing with their complex nonlinear
behaviour has proven to be a challenging task, current analysis
and design methodologies suffer from practical limitations and,
most importantly, do not capture some of the details which are
crucial for potential engineering applications (Schlecht and
Schulte, 1999; Gigliotti et al., 2004; Cerami and Weaver, 2008;
Diaconu et al., 2009). A better understanding is, thus, key for a full
exploitation of multistable panels as morphing technology.ll rights reserved.
. Pirrera), d.avitabile@bristol.The approach proposed here has been conceived to overcome
current modelling limitations and to provide the means for a more
efﬁcient design. Since multistable panels feature very large dis-
placements and large rotations, this has been done starting from
questioning fundamental assumptions at the very base of current
analysis approaches. The effectiveness of a Lagrangian description
of the structural behaviour by means of the Classic Plate
Lamination Theory with von Kármán nonlinearities is indeed not
to be taken for granted. In addition, in order to investigate accurately
and systematically multistable panels’ design space, numerical
analyses are performed by combining high-order non-dimensional
Ritz approximations and numerical continuation procedures. As a
result, a tool for optimal design is obtained.
As an example of the utility of the method, a case study is
carried out on the thermally-induced bistability of ﬁbre-reinforced
unsymmetric composite plates. It will be shown that it is possible
to explore bistable plates’ design space in a robust and systematic
fashion and that high-order approximations capture in details their
complex structural behaviour. Moreover, since this case study has
frequently been explored, it is possible to compare the results pre-
sented against those available in literature and show that the level
of accuracy that has been attained here is, in fact, fundamental for
engineering applications. In particular, it is proven that high-order
polynomial approximations capture:
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Lagrangian description of the equilibrium with von Kármán
nonlinearities is appropriate (for the lay-up used here) in spite
of the very large displacements.
 The experimentally observed (Potter et al., 2007), multi-event
snap-through event for the ﬁrst time.
 The snap-through load with adequate approximation.
 The loss of bifurcation with plan-form geometry and aspect
ratio, thus explaining Gigliotti et al.’s observations (Gigliotti
et al. (2004)).
To conclude this introduction, a concise review of the literature
covering the subject is given. In the following sections the develop-
ment of the proposed modelling technique is outlined.
1.1. Literature review
In a similar way to bimetallic strips, unsymmetric composite
laminates convert temperature changes in displacements. When
cured ﬂat, unsymmetric laminates may warp and assume two sta-
ble cylindrical conﬁgurations at room temperature. The existence
of another saddle-like unstable conﬁguration is predicted theoret-
ically. The physics behind this phenomenon is easily explained by
the mismatch of the thermal expansion coefﬁcients of the layers
that compose the whole structure. In the mono-dimensional strip,
the metals tend to expand with different rates; to accommodate
this differential the strip bends laterally. The two-dimensional
equivalent has one more feature due to the directionality of the
expansion. Indeed, the orthotropic layers expand with different
rates in different directions. This characteristic may result in the
instability of the highly-stretched saddle deformation mode and
to the existence of two high displacements bending modes which
allow the laminate to accommodate the differential expansion
with a lower strain energy content.
Bimetallic strips were probably invented by eighteen-century
clockmaker John Harrison (Sobel, 1995). Nowadays, they are still
widely used as components of thermostats, thermometers and cir-
cuit breakers. The history of bistable composite plates begins in the
more recent past. In the 1980’s unsymmetric laminates were used
to test environment dependent material systems’ properties. In
1981 Hyer presented a study on the properties of many families
of cross-ply laminates. Successively, in order to describe bistability,
Hamamoto and Hyer (1987) incorporated geometric von Kármán
nonlinearities in the Classic Plate Lamination Theory (CLPT). The
system of equations thereby generated was then solved with a Ritz
minimisation of the total potential energy.
In fact, Hyer generated a lot of interest and over the following
years many researcher contributed to reﬁne its model (Dang and
Tang, 1986; Jun and Hong, 1990; Hamamoto and Hyer, 1987; Jun
et al., 1992; Peeters et al., 1996; Dang and Tang, 1986; Schlecht
et al., 1995). In the late 1990’s, as the concept of structural morp-
hing started to be mainstream between researchers, interest rein-
vigorated. In 1996 Dano and Hyer included the contribution of
applied forces into the Ritz minimisation of the total potential en-
ergy. In 1998 they introduced a new model, hitherto considered
state-of-the-art, in which they assumed a possible strain rather
than displacement ﬁeld. Schlecht and Schulte (1999) presented
an extensive Finite Element (FE) study pointing out the existence
of a complex local deformation behaviour that was not captured
by many of the analytical models proposed at that time.
A number of papers dealing with the possibility of actuating
bistable plate with smart material were published as the snap-
through phenomenon became central (Hyer et al., 1998; Dano
and Hyer, 2002; Dano and Hyer, 2003; Schultz et al., 2003; Schultz
and Hyer, 2004; Schultz, 2005; Portela et al., 2005; Portela et al.,
2008; Gude et al., 2006; Hufenbach et al., 2006; Ren, 2007; Bowenet al., 2007; Potter et al., 2007; Giddings et al., 2008; Vidoli and
Maurini, 2008; Fernandes et al., 2010). Manufacturing aspects
were also studied (Cho et al., 2003; Gigliotti et al., 2003; Gigliotti
et al., 2006) and parametric analyses were performed to investi-
gate the domain of existence of bistability (Hufenbach et al.,
2001; Hufenbach et al., 2002; Hufenbach et al., 2002; Gigliotti
et al., 2004). Eventually, new concepts for morphing applications
were presented (Potter and Weaver, 2004; Schultz, 2005; Schultz,
2008; Mattioni et al., 2006; Mattioni et al., 2008; Diaconu et al.,
2008; Diaconu et al., 2009; Daynes, 2009) and, in an attempt to
capture as much as possible of bistable systems’ physics, modiﬁed
modelling techniques were proposed (Ren, 2007; Ren and Mar,
2008; Cerami and Weaver, 2008; Carrella et al., 2008; Arrieta
et al., 2009; Diaconu et al., 2009).2. The modelling framework and its architecture
Bistable structures are typically characterised by the very large
displacements and nonlinear deformations that are undertaken
during structural shape changes. FE and analytical studies have al-
ready shown that these structures may have multiple stable and
unstable equilibria (Hyer, 1981; Hamamoto and Hyer, 1987; Dano
and Hyer, 1996; Dano and Hyer, 1998; Schlecht and Schulte, 1999).
The current aim is to investigate the design space for bistable com-
posite plates in a systematic and robust fashion. In principle, it is
desirable to understand how such structures behave when one or
more design parameters are changed. A further aim is to assess
whether our model, which uses a Lagrangian description of equi-
libria with von Kármán strains is adequate to capture the very large
displacements (and small strains) or whether an Eulerian descrip-
tion of equilibria (shape dependent equilibria) coupled with more
accurate strain descriptors would be necessary. Many researchers
have contributed over the years, e.g. Pietraszkiewicz (1984).
For design purposes, parametric studies are usually carried out
running simulations with commercial Finite Element software or
by using analytical approaches based on standard discretisation
methods. So far, analytical procedures have been shown to be more
suitable. The reasons are as follows.
Firstly, geometrical properties, such as the side length, appear
explicitly in the equilibrium equations. It is, therefore, appropriate
to treat them as parameters and, as a consequence, it is easier to
analyse systematically a wider design space.
Secondly, when based on modal decomposition methods such
as Ritz or Galerkin, parametric analyses are less computationally
demanding; the investigation of the design space is thus more fea-
sible, both in terms of hardware and time. The main advantage of
these decomposition methods is that they produce accurate results
with a relatively low number of unknowns. This is because the
semi-analytical approach relies on a suitable modal basis which
can be chosen to give the maximum amount of information with
the minimum number of unknowns. In other words, it can give
good insight with a relatively low number of ‘‘specialised” degrees
of freedom and with little need for computational power. For in-
stance, the modal decomposition can reﬂect the symmetries of
the original structure, and this can be used to rule out unwanted
modes. Conversely, discretisation methods based on a mesh deﬁni-
tion, such as Finite Elements, Spectral Methods or Finite Differ-
ences, tend to give good results only with a large number of
nodes i.e. ‘‘generic degrees of freedom”.
In the present study, in line with the vast majority of previous
works on bistability-related problems, the Ritz method is used.
As a novelty, the latter methodology is complemented by numeri-
cal continuation routines based on path-following algorithms.
Regardless of the discretisation method, this approach gives the
means for a systematic and parametric exploration of the design
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ware. Most importantly, it facilitates the exploration of the design
space, itself not well-understood, for multistable composites.
When modelling complex structures it is usually not known if,
and how many, multiple solutions exist. Therefore, hands-on user
intervention is often required to make the solver converge to the
desired equilibrium. A typical example is depicted in Fig. 1. Let
us assume that a plate, on cooling down, has converged to the
equilibrium conﬁguration a. In order to compute the other stable
equilibrium b, a user might, for instance, apply a load. For this case,
a quasi-static analysis (Fig. 1a) would traverse from a to c, the pa-
nel would then snap to d and, by removing the load, b would ﬁnally
be reached.
This scenario though, is not to be expected in general. Often,
due to the presence of secondary instabilities such as local buck-
ling, a more complicated situation occurs. Fig. 1b, for instance, is
a pictorial representation of how the diagram in Fig. 1a may change
when a design parameter is varied. A one-parameter family of sta-
ble solutions bifurcates off an unstable branch: a quasi-static anal-
ysis like the one outlined above would then follow the path a-e-f-
g-h-a. The simulation would notably fail to ﬁnd equilibrium b. In
general, some equilibria, especially when local instabilities exist,
might never be found.
Path-following techniques, on the other hand, can provide the
user with the desired solution because, by varying the parameter
force, one could follow stable and unstable solutions and traverse
from a to b (Fig. 1c). Or alternatively, follow the path a-e-g and
switch to either one of the available branches (Fig. 1d).
Commercial FE software is generally not designed to model
such peculiar phenomena. To the authors’ knowledge, most soft-Force-Displacement Diagram
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Fig. 1. Comparison between quasi-static analysis (panels a, b) and path-following met
equilibria a and b with either methods, albeit with different paths. Right panels: quasi-sta
continuation.ware packages do not provide the users with the necessary tools
to accomplish the aforementioned set of tasks in a robust way.
Some others provide these capabilities but they are relatively com-
plicated to use, because information about bifurcations or stability
are not immediately available to the user and because stopping
and restarting the simulation at a ﬁxed point is not
straightforward.
For all of the aforementioned reasons, the most viable method
for the exploration of the solutions space with commercial soft-
ware is conducting cumbersome trial-and-error analyses. The en-
tire problem can be bypassed by coupling analytical models with
path-following algorithms.
Therefore, the analysis framework presented here has been
structured as follows. It consists of two steps. First, a system of
nonlinear equations for the structural equilibrium is derived start-
ing from ﬁrst principles. Various discretisation methods exist to
accomplish this task (e.g. ﬁnite differences, ﬁnite elements, spec-
tral collocation, Ritz or Galerkin methods); in all cases, though,
an equilibrium is found as the solution of a set of nonlinear alge-
braic equations, depending on the control parameters. As men-
tioned above in this section, a Ritz discretisation has been chosen
here.
Second, the design space is explored with a path-following
technique. This step is independent of the previous one, in that
the numerical continuation routines can receive as input a generic
set of parameter-dependent system of equations. The remainder of
the present section is structured as follows: Section 2.1 contains a
description of the Ritz model that has been developed for the case
study herein proposed. Details of this model, together with the adi-
mensionalisation used to alleviate the inherent ill-conditioningForce-Displacement Diagram
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tic analysis fails to compute equilibrium b, which is instead accessible by numerical
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A; in Section 2.2, the numerical continuation routines are intro-
duced brieﬂy.
2.1. Generation of the system of solving equations
In the applications presented here, the design parameters are
such that all the assumptions of the Classic Plate Lamination The-
ory (CLPT) hold. Literature (see references in Section 1.1) also
shows that, despite bistable plates generally undergoing very large
displacements, strains expressions that account for moderate rota-
tions are accurate enough to capture the equilibrium deformations.
In the present work CLPT kinematics with von Kármán strains are
hence used, but its capabilities to model other aspects of the non-
linear behaviour are called into question.
Equilibria are computed as solutions of a system of nonlinear
equilibrium equations that are formulated by means of the Ritz
Method. The system is, hence, derived from the Minimum Total Po-
tential Energy Principle which is a variational statement (weak
form) of the equilibrium.
Having said that, it is noted that the robustness and reliability of
the modelling framework depend on the scaling and conditioning
number of the system of solving equations that is fed to the contin-
uation tool. As anticipated in Section 2, CLPT coupled with the Ritz
method has shown poor conditioning properties, especially when
high-order polynomials are employed (Omodei, 1977; Wall et al.,
2000). To this end, a dimensional analysis needs to be carried out
in order to ﬁnd an appropriate rescaling for the system. Its devel-
opment is reported in Appendix A. It should be noticed that, for
the model presented here, failing to provide a suitable adimensio-
nalisation led to spurious solutions and convergence problems:
this resulted in the computation of non-physical branches, deviat-
ing from the real locus of equilibria.
The non-dimensional total potential energy as expressed in Eq.
(A.20) depends on the design parameters (thermal load – DT, side
lengths – Lx, Ly, applied force – F) and on the dimensionless mid-
plane displacements ~u0; ~v0; ~w0. They are described by the
expressions
~u0ð~x; ~yÞ ¼
XOpol
m¼0
Xm
n¼0
eUn;mn~xn~ynm;
~v0ð~x; ~yÞ ¼
XOpol
m¼0
Xm
n¼0
eVn;mn~xn~ynm;
~w0ð~x; ~yÞ ¼
XOpol
m¼0
Xm
n¼0
fWn;mn~xn~ynm:
ð1Þ
In other words, displacements are approximated by a complete-
polynomial basis truncated to order Opol. The coefﬁcientseUn;mn; eVn;mn; fWn;mn are unknowns and they uniquely deﬁne
the displacements of the full plate u, v, w (Eq. (A.1)). For the sake
of simplicity, the same polynomial order is used for all the displace-
ment components for a total of N = 3(Opol + 1)(Opol + 2)/2 un-
knowns. Nevertheless, by respecting the essential boundary
conditions and imposing symmetries, this number can be reduced.
For present purposes only [902/02] plates are considered because of
their excellent bistable characteristics. Since they will be clamped
in the middle, the following conditions can be enforced:
 ~u0 is odd in ~x and even in ~y.
 ~v0 is even in ~x and odd in ~y.
 ~w0 is even in ~x and ~y, and it vanishes at the origin.
By plugging the resulting polynomial decomposition in Eq.
(A.20), the total potential energy is approximated byeP  ePNðc;pÞ; ð2Þ
which is now an algebraic function of the Lagrangian variables
c ¼ ½eU ; eV ;fW 0 and of the control parameters p = [DT,Lx,Ly, . . .]0.
For ﬁxed p, equilibrium conﬁgurations correspond to extrema
of the function ePN , therefore they satisfy
r ePNðc;pÞ ¼ f ðc;pÞ ¼ 0: ð3Þ
The equations above are the desired set of nonlinear algebraic equi-
librium equations, and they can be passed to the continuation soft-
ware to explore the design space. The stability of solutions to Eq.
(3), on the other hand, can be assessed with the Second Derivative
Test: if the Hessian of ePN is positive (negative) deﬁnite at an equi-
librium point (c0,p0), then the equilibrium is a local minimum
(maximum). Minima and maxima coincide with stable and unstable
solutions, respectively. By deﬁnition, the Hessian matrix of ePN is
the Jacobian of f,
H ePNðc;pÞ  ¼ Jðc;pÞ: ð4Þ
Indeed the following relation holds
@2 ePN
@ci@cj
¼ @fi
@cj
¼ Jij; i; j ¼ 1; . . . ;N: ð5Þ
In the context of this work, the expressions for f and J have been
computed symbolically via MAPLE 11™. The resulting system of equa-
tions is exported as MATLAB code and then passed to the path-fol-
lowing routines.
2.2. The solver: EPCONT and Numerical Continuation
As stated in the previous sections, the current aim is to explore
the design space in a systematic fashion. In order to do so, we use
numerical continuation: starting from an initial solution, the value
of the control parameters is changed, and a new equilibrium is
found via a predictor–corrector scheme, using Newton iterations.
This approach, also known as path-following, is usually em-
ployed to compute steady states and periodic solutions of dynam-
ical systems: equilibria are collected in branches, connected via
bifurcation points. The method allows for a systematic exploration
of the equilibria and their stability, giving a complete representa-
tion of the different types of behaviour that the systemmay exhibit
in dependence of the key parameters. For further details refer to
Krauskopf et al. (2007).
With the adopted notation, an equilibrium is deﬁned by a pair
of vectors (c0,p0) that satisfy the equilibrium equations (3). Start-
ing from an equilibrium, it is possible, under generic conditions
on f and J, to trace the locus of equilibria in the neighbourhood
of p0: if the hypotheses of the Implicit Function Theorem hold (Kel-
ler, 1987), then there exists a local parametrisation (c(s),p(s)) such
that (c(0),p(0)) = (c0,p0). The locus (c(s),p(s)) is called a solution
branch, and it is explored by a predictor–corrector scheme.
Path-following techniques are implemented in a wide variety of
software packages, such as AUTO, MATCONT, XPPAUT, LOCA (Krauskopf
et al., 2007). In this context, a MATLAB in-house code based on EP-
CONT (Schilder, 2007) has been used. This choice is a good compro-
mise between user-friendliness, portability, and the capability to
handle relatively large systems.
The continuation steps implemented in EPCONT follow Keller’s
Pseudo-Arclength algorithm (Doedel et al., 1991). Let us assume
for simplicity that there is only one continuation parameter, so
that, at a given continuation step, the state of the system is entirely
speciﬁed by (c0,p0). Keller’s algorithm computes the new continu-
ation step, (c1,p1), as a solution to the following system of
equations
Table 1
Typical material properties for Carbon/Epoxy.
E11
[GPa]
E22
[GPa]
m12
[-]
G12
GPa
a11
[K1]
a22
[K1]
Thickness
[m]
161 11.38 0.32 5.17 1.8108 3105 0.131103
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Fig. 2. Cool-down bifurcation diagram – Pitchfork obtained with a 9th order
polynomial approximation. The plot represents the transversal displacement of the
plate corners against the temperature variation. As the temperature decreases the
saddle-like solution (branch going from equilibrium 0 to 1) destabilises through a
pitchfork bifurcation and two cylindrical solutions appear (equilibria 2 and 3). Solid
and dashed lines correspond to stable and unstable solutions, respectively.
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ðc1  c0Þ0 dc0ds þ ðp1  p0Þ
dp0
ds
 Ds ¼ 0;
ð6Þ
where the prime denotes vector’s transpose and Ds is the size of the
continuation step. Keller’s method is commonly implemented in
numerical continuation codes, including those mentioned above,
and it allows continuation at regular solution points.
3. Results
In 1981 Hyer and co-authors began developing analytical mod-
els to describe thermally-induced bistability in composite plates.
That model was based on a relatively simple Ritz approximation
that gave good results for the prediction of room temperature
shapes. As interest in morphing structures increased, bistable
plates showed their potential and Hyer’s model was widely em-
ployed (See references in Section 1.1). Many other reﬁned versions
followed. However, the vast majority of this work used similar
solution approaches, hence inheriting some of the fundamental
limitations of Hyer’s low-order polynomial approximations. Since
overcoming these limitations constitute the rationale of the pres-
ent work, the need is felt to shed more light on the subject.
As per the Ritz method, the governing equations of a problem
are satisﬁed only in the energy sense, not in the differential equa-
tion sense. Also, since a continuous system is approximated by a ﬁ-
nite number of degrees of freedom, the approximate system
converges to the true solution as the number of unknowns in-
creases. When a Ritz approach is proposed then, a convergency
analysis should be performed and an approximation should be
deemed as close enough to the true solution only after a tolerance
has been set. Most of the early papers presenting analytical models
for bistable structures focused on one particular aspect of the prob-
lem, namely the determination of the room temperature stable
shape. Bistability being now considered for morphing applications,
the interest has moved onto various phenomena related to poten-
tial operating conditions, such as the ability to withstand applied
loads, to be actuated or to be integrated in wider structures. It will
be shown in the present work that, with regards to shape determi-
nation, low degree polynomial approximations of the displace-
ments were sufﬁcient to give accurate results. However, when
used to describe other behaviours (e.g. snap-through, loss of bifur-
cation), the same models often led to poor results (Schlecht and
Schulte, 1999; Gigliotti et al., 2004; Diaconu et al., 2009).
For the ﬁrst time, this paper presents a multi-parameter inves-
tigation of the design space of bistable plates. These parameters are
DT, Lx, Ly and an applied load F. In the following sections detailed
results of plates’ design space exploration are presented. The order
of the displacements’ polynomial expansion, Eq. (1), has been pro-
gressively increased until the desired accuracy was achieved. In
particular, the model has been deemed to converge only when it
captured the physics of the system. It has to be emphasised that
numerical precision with respect to Finite Element Analysis has
not been considered a primary goal. With just a few dozens of de-
grees of freedom having been used, the results presented compare
relatively well with FE but the focus was biased towards the overall
structural behaviour rather than on a level of accuracy that cannot
readily be replicated experimentally.
The equilibrium equations (3) have been truncated at orders
Opol = 3, 5, 7, 9, 11. Most of the numerical simulations herein pre-
sented had converged at order 9. Order 11 has been necessary only
for the determination of the snap-through load, as the approxi-
mated system compliance had to be increased.
The following results concern four layers [902/02] carbon/epoxy
plates. These plates have generic dimensions 2Lx and 2Ly, and are
clamped in the middle. Corner forces and temperature variationscan be applied. Section 3.1 presents detailed results concerning a
square plate whose side is 25 cm long. This point of the design
space has been used to validate the model against FE and gain con-
ﬁdence on the accuracy of the model. Finite elements simulations
have been performed with the commercial software ABAQUS. The pa-
nel is modelled using 2500 four-node-square shell elements (S4R)
with a total of 2601 nodes. Mesh reﬁnement studies show that the
chosen mesh density, given acceptable computational time, gave
sufﬁciently accurate results; indeed further reﬁnement gave a neg-
ligible change in results. The cool-down process was simulated by
using Static, General steps with Nlgeom on. When convergence
was difﬁcult to achieve use has been made of the option stabil-
ization with: dissipated energy fraction. This option
makes the simulation pseudo-dynamic by adding ﬁctitious viscous
forces to damp instabilities and improves the convergence proper-
ties of the system. To remove these effects in the snap-through
analysis a Static, Riks step has been used. Material properties
are shown in Table 1.
3.1. Temperature variations
Thermally-induced bistability has been described by many of
the authors referenced in Section 1.1. When cured ﬂat, unsymmet-
ric laminates warp on cooling down from cure to room tempera-
ture. These structures exhibit experimentally two stable almost
cylindrical shapes. The existence of another unstable saddle-like
shape has been predicted analytically and observed with FE.
Bifurcation diagrams like Fig. 2 depict this phenomena. It fea-
tures the corner transversal displacement w against the tempera-
ture drop. The solid branches correspond to stable conﬁgurations.
The dashed one, lying close to the horizontal axis, corresponds to
unstable shapes.
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Fig. 4. Close-up of one of the stable cylindrical solutions at room temperature,
computed at various orders.
Fig. 5. Stable cylindrical shape at room temperature (labelled 2 in Fig. 2). The colour
map, used for illustration only, represents the surface position along the vertical
axis. Parameters: Lx = Ly = 125 mm, DT = 180C, F = 0 N.
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the solution destabilises via a symmetry-breaking bifurcation and
two new cylindrical equilibria arise.
As mentioned in Section 3, the cool-down diagram had already
been captured accurately from many previous works based on
Dano and Hyer’s papers. However, to the best of the authors’
knowledge, this is the ﬁrst time that such a diagram is obtained
via continuation methods: EPCONT is launched from equilibrium 0,
specifying DT as continuation parameter. The computation is
stopped at room temperature (equilibrium 1). From this point,
DT is kept ﬁxed and the applied load F is varied by continuation
to ﬁnd equilibrium 2. Then, in order to path-follow the solid blue
arc and ﬁnd equilibrium 3, the control parameter is switched back
to DT.
Analogous calculations have been carried out at orders 3, 5, 7, 9.
As expected, increasing orders do not lead to major differences in
the bifurcation diagram: Hyer’s results, corresponding to order 3,
are known to be sufﬁciently accurate in this context. Fig. 2 depicts
the branches at 9th order. All the others are not plotted because, on
these axes, they would not be distinguishable. A close-up of the
bifurcation point at various orders is presented in Fig. 3. It shows
a 0.3C difference in going from 3th to 9th order. It also shows that
the curves at 7th and 9th order are coincident, with almost identi-
cal bifurcation points.
Reliable results had already been presented also with respect to
the room temperature shape determination (Hyer, 1981; Hamam-
oto and Hyer, 1987; Dano and Hyer, 1996; Dano and Hyer, 1998).
This can be seen in Fig. 4, where another close-up of Fig. 2 shows
the plate’s corner displacement around DT = 180C. Complete
views of the room temperature shapes are given in Figs. 5–7. They
show the stable and unstable shapes calculated with the proposed
model at 11th order. A comparison with respect to FE results is in-
stead detailed in Figs. 8 and 9. In these plots the colour map super-
imposed on the structure represents the difference between the FE
and analytical solutions.
To better appreciate the differences between predictions at var-
ious orders and FE, Figs. 10 and 11 show the cross sections of the
stable shape in the directions orthogonal and parallel to the cylin-
der directrix, respectively. FE results are plotted in red. Figs. 10 and
8 shows that the model is less accurate toward the edges, with a
maximum error of 5 mm ca.. Despite the difference being apprecia-
ble, it is conﬁned to a small strip and it never exceeds 10% of the
local displacement.Cool-Down Bifurcation Point at Orders 3-5-7-9
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Fig. 3. Close-up of the pitchfork bifurcation in Fig. 2 – The bifurcation point moves
towards convergence as the order of the polynomial approximation increases. Solid
and dashed lines correspond to stable and unstable solutions, respectively.
Fig. 6. Stable cylindrical shape at room temperature (labelled 3 in Fig. 2). The colour
map, used for illustration only, represents the surface position along the vertical
axis. Parameters: Lx = Ly = 125 mm, DT = 180C, F = 0 N.This discrepancy is fully justiﬁed by noticing that FE calcula-
tions are more accurate due to a larger number of degrees of free-
dom. Also, the system solved by FE is updated at each step, so as to
account for stiffness matrix and equilibria changes due to very
Fig. 7. Unstable saddle-like shape at room temperature. This equilibrium conﬁg-
uration is analogous to that labelled 1 in Fig. 2. The colour map, used for illustration
only, is proportional to the surface position along the vertical axis. Parameters:
Lx = Ly = 125 mm, DT = 180C, F = 0 N.
Fig. 8. Stable solution: the colour map plotted onto the stable surface represents
the difference between the model at order 11 and FE. Parameters as in Fig. 5.
Fig. 9. Unstable solution: the colour map plotted onto the unstable surface
represents the difference between the model at order 11 and FE. Parameters as in
Fig. 5.
3418 A. Pirrera et al. / International Journal of Solids and Structures 47 (2010) 3412–3425large displacements. The effect of stiffness matrix adaptation is
evident when comparing the error graphs for the cylindrical and
saddle conﬁgurations (Figs. 10 and 12 respectively). In the former,
where large displacements occur, the discrepancy is maximum at
the edges of the structure and the errors converge towards a
non-zero value. In the latter, where small displacements occur,
the errors converge to zero homogeneously along the x-axis.Cylindrical Sections at Various Orders
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Fig. 10. Left: Cylindrical section at y = 0 of the stable solution at room temThis level of accuracy is sufﬁcient for present purposes. Increas-
ing ﬁdelity by introducing an incrementally updated reference sys-
tem for equilibria (i.e. Eulerian description) into the analytical
model is beyond the scope of this paper. Nevertheless, compari-
sons such as the one in Figs. 9 and 12 show that with just 62 de-
grees of freedom, the analytic model captures boundary layers
and the localised deformations near the plate’s centre.3.2. Snap-through load: load-displacements diagram
There has been some work done (e.g. Diaconu et al. (2009)) to
calculate snap-through loads of bistable plates. As it will be shown
in the reminder of this Section, calculations with low-degree poly-
nomial approximations may lead to up to 70% disagreements with
respect to FE, but this error is reduced considerably at high-order.
The plate examined here has been clamped in the middle and
has free edges. For the present analysis four forces have been ap-
plied along the z-axis. The expression of the total potential energy
Eq. (A.20) is amended accordingly by adding the external work
contribution.
In order to trace the force-displacement diagram, our computa-
tions start from one of the cylindrical conﬁgurations at
DT = 180C and no applied load, F = 0 N. This solution is contin-
ued for increasing values of F at various polynomial orders, givingΔ Cylindrical Section
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perature. Right: differences with respect to FE. Parameters as in Fig. 5.
Flat Section at Various Orders
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Fig. 11. Left: Flat section at x = 0 of the stable solution at room temperature. Right: differences with respect to FE. Parameters as in Fig. 5.
Saddle-like Section at Various Orders
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Fig. 12. Section at x = 0 of the unstable solution at room temperature. Right: differences with respect to FE. Parameters as in Fig. 5.
Force-Displacement Diagram at Various Orders
Ap
pl
ie
d 
Fo
rc
e 
[N
]
Transversal Displacement W of the Corners [m]
-0.06 -0.04 -0.02 0 0.02 0.04 0.06
-6
-4
-2
0
2
4
6
- 0.02 - 0.01 0
3.3
3.4
3.5
Ord. 3
Ord. 5
Ord. 7
Ord. 11
Ord. 9
FEA
Fig. 13. Force-displacement diagram at various approximation orders. The curves
approach the FE values as the polynomial order increases. The inset reproduces the
FE and 11th order curves in the proximity of the snap-through region. Note the
residual discrepancy in the high-displacements regions (left and right ends). Solid
and dashed lines correspond to stable and unstable solutions, respectively.
Parameters: Lx = Ly = 125 mm, DT = 180C.
A. Pirrera et al. / International Journal of Solids and Structures 47 (2010) 3412–3425 3419the results shown in Fig. 13. As opposed to FE, EPCONT computes sta-
bility at every continuation step. However, in this case, stability
can be inferred also from the slope of the curves: positive and neg-
ative slopes represent stable and unstable solutions, respectively.
In Fig. 13, the ABAQUS Riks arclength run is reported in red, and it
will be considered as a benchmark. As the force increases, the load-
displacement diagram is initially slightly curved, then it features a
local maximum, which is followed by a minimum and by another
maximum. The structure is now at the verge of overall stability.
By looking at Fig. 13, several details can be noticed. Firstly, high-
er polynomial order gives increasingly better results with regard to
the snap-through load (see Table 2 for a convergence study). Sec-
ondly, the curve approaches the FE solution and its slope does
not change from 9th to 11th order. Also, for low values of F, the
stiffness is linear (i.e. the curves’ slope is constant) and that holds
true at all orders. It has been already shown in Section 3.1 that our
model loses accuracy where very large displacements occur. Thus,
in this regime the nonlinear stiffness is poorly represented. Lastly,
the simulation at order 11 predicts the snap-through load with just
5% error and it reproduces the sequence of saddle-node bifurca-
tions found in the quasi-zero-stiffness area (see the closeup in
Figs. 13 and 14).
Interestingly, this portion of the force-displacement diagram
could explain the multi-event snap phenomenon observed experi-
mentally on cross-ply laminates by Potter et al. (2007). In this work
the authors detailed: ‘‘It has been shown that the snap-through
phenomenon in unsymmetric composite plates is not a simple sin-gle event, but that it arises as a result of a series of processes lead-
ing ﬁrst to the ﬂattening of the curvature in one plane and the
Table 2
Snap-through load convergence study.
Polynomial order Number of unknowns Load [N] Error [%]
3 8 5.65 69
5 17 4.88 46
7 29 4.27 27
9 44 3.87 15
11 62 3.51 5
FE 15606 3.35 –
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Fig. 14. Multievent snap-through phenomenon observed at 11th order. When the
load increases, the system snaps from equilibrium 1 to the closest stable
conﬁguration (equilibrium 3). There is also a second snap-through point, leading
to the other cylindrical conﬁguration. Analogous results have been obtained in FE
calculations. Equilibria 1–4 are depicted in Fig. 15. Solid and dashed lines
correspond to stable and unstable solutions, respectively. Parameters as in Fig. 13.
3420 A. Pirrera et al. / International Journal of Solids and Structures 47 (2010) 3412–3425development of curvature in an orthogonal plane. The changes in
these curvatures are associated with an increasing non-linearity
in the load-displacement relationships”.
For the ﬁrst time, this scenario is conﬁrmed by our high-order
simulations, as shown in Fig. 14. At F = 0, the curvature at the cen-
tre of the panel is small and positive in x, negative in y. These val-
ues are monitored as the multi-snap process unfolds. When F
increases, a ﬁrst instability point is met: before the snap (conﬁgu-
ration 1), one ﬁndswxx > 0 andwyy < 0, while after the snap (conﬁg-
uration 3), the solution features wxx > 0, wyy > 0. When F is
increased further, a second bifurcation point is reached, corre-
sponding to the main snap event, leading to the second cylindrical
solution with wxx < 0, wyy > 0. Curvatures variations in the quasi-
zero-stiffness area are depicted by the contour plots in Fig. 15.
To conclude, we note the little segment with positive stiffness
at the origin of the FE graph (Fig. 13). According to this plot it
should contain stable conﬁgurations. Conversely, FE stability anal-
yses showed that, as predicted by our analytical model, saddle-like
solutions, such as the one in Fig. 2, are all unstable.3.3. Plate size and aspect ratio
In 2004 Gigliotti et al. presented a detailed study on the loss of
bifurcation of [90n/0n] plates. By varying geometric parameters
such as side length or the aspect ratio, they conducted extensive
parametric FE analyses and compared the results to those provided
by Hyer’s 1981 model. The bistability of perfect asymmetrically-
laminated square plates is described by pitchfork bifurcations. This
is only a purely theoretical concept because the tiniest loss of sym-metry in the structure breaks the pitchfork (Giddings et al., 2010;
Cho et al., 2003). Hyer’s model predicts a broken pitchfork when
the percentages of 0 and 90 plies are different but gives a persisting
non-physical pitchfork when geometric symmetries (i.e. non-
square plates) are imposed (Hyer et al., 1998). It therefore appears
that, for this reason, Gigliotti’s results were often in disagreement
with the theoretical predictions.
Fig. 16 shows results of similar computations conducted with
the proposed model. It shows stable and unstable solutions as
the plate aspect ratio changes by continuation. Solutions with
aspect ratio Lx/Ly = 1 correspond to the shapes of Figs. 5–7. From
these solutions the aspect ratio has been varied by continuation.
It is possible to notice that by using 3th order polynomial
approximations, equivalent to Hyer’s model, a non-physical
pitchfork bifurcation is found, but all other orders display a cor-
rect broken pitchfork. Results at order 7 and 9 are practically
coincident. A close-up view of the bifurcation diagram at the
turning point is shown in Fig. 17. Details of the shapes that the
structure assumes when the aspect ratio is close to 5 are shown
in Fig. 18.
To conclude, Fig. 19 and 20 present further analyses. In this case
the side length is changed keeping the aspect ratio equal to 1. The
system preserves all the symmetries and a pitchfork bifurcation is
shown again. Convergence is again achieved at order 9.4. Conclusions
This paper introduces a novel approach for the analysis and
optimal design of multistable composite plates for morphing appli-
cations. The models are based on high-order Ritz approximations
and the parameter space is explored via path-following techniques.
A suitable exploitation of geometrical symmetries, together
with careful rescaling, allowed an increase in the order of the poly-
nomial interpolation up to 11th order. Through a frequently ex-
plored case study, it has been shown that, despite kinematic
characteristics being well resolved already at 3th order, other as-
pects of the plate’s nonlinear behaviour are captured only at higher
orders. In particular, the multi-event snap-through, previously ob-
served in experiments by Potter et al. (2007), is captured for the
ﬁrst time by an analytical model. Moreover, the snap-through load
is computed with a discrepancy of just 5% with respect to the FE
value.
By combining a Ritz model with numerical continuation, it was
possible to explore the design space systematically, accessing geo-
metric parameters such as side lengths and aspect ratio. This led to
an accurate description of the bifurcation loss observed in rectan-
gular plates.
In principle, the polynomial order could be increased indeﬁ-
nitely. However, from a practical point of view, the ratio between
computational time and accuracy grows with the number of
Lagrangian parameters. Analyses at orders 9 and 11 have given sat-
isfactory results but they were at the limit of practicality.
Indeed, the higher the order, the longer the computational time
spent to evaluate the system of solving equations and its Jacobian.
This is essentially due to the high number of terms featured by the
truncated energy functional PN. These terms, which can be inter-
preted as energetic modal interactions, lead to expensive function
evaluations. In the future, this could be cured by neglecting weak
modal interactions, thus opening the possibility to increase the
polynomial order even further. Another possibility is to employ a
more sophisticated modal basis, such as trigonometric and hyper-
bolic functions, with better convergence properties.
Ultimately, the path-following routines could be coupled with a
system of equations generated by ﬁnite elements methods as
opposed to a Ritz model. This would certainly require more
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Fig. 15. Contour plots of the equilibrium conﬁgurations involved in the multievent snap-through of Fig. 14. The colour map represents the surface position along the axis
transversal to this view. The stable equilibria (1 and 3) display the progressive change of curvatures found experimentally in Potter et al. (2007).
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Fig. 16. Aspect ratio continuation diagram – As the aspect ratio decreases the
solutions reach a turning point and plate loses its bistability. The 3th order
computation predicts a non-physical pitchfork. In a real plate, the pitchfork should
break, due to the violation of the symmetry along the plates diagonals. This is
correctly predicted by higher-order models. Solid and dashed lines correspond to
stable and unstable solutions, respectively. Parameters: DT = 180C, F = 0 N.
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Fig. 17. Close-up of the turning point in the aspect ratio continuation diagram of
Fig. 16. Solid and dashed lines correspond to stable and unstable solutions,
respectively.
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Fig. 18. Solutions occurring in Fig. 16, at order 11, when the aspect ratio is Lx/
Ly  0.192. From top to bottom: stable cylinder, unstable saddle and second stable
cylinder. The colour map, used for illustration only, represents the surface position
along the vertical axis. Parameters: Lx = 23.4 mm, Ly = 125 mm, DT = 180C,
F = 0 N.
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Fig. 19. Side length continuation diagram – The plot refers to square plates of
various side lengths. As the plates dimensions decreases, the cylindrical solutions
become ﬂatter. The saddle-like solution stabilises at the pitchfork, after which the
system is no longer bistable. Solid and dashed lines correspond to stable and
unstable solutions, respectively. Parameters: DT = 180C, F = 0 N.
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Fig. 20. Close-up of the bifurcation point in Fig. 19. Solid and dashed lines
correspond to stable and unstable solutions, respectively.
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and computational properties.
In summary, this study reinforces the assumption that a high-
order Lagrangian description of the equilibria with von Kármán
nonlinearities is suitable even in the presence of very large dis-
placements for the case of a freely supported square 0/90 lami-
nated plate. It is noted that such a result is valid only for these
boundary conditions and only in the design space regions pre-
sented in the paper. Outside such regions, even larger displace-
ments are to be expected (see Fig. 16): consequently, the lack of
stiffness matrix adaptation may be more relevant. In FE methods,
as pointed out in Section 3.1, the stiffness matrix depends upon no-
dal displacements, hence it can be easily accessed and updated atevery continuation step. In this respect, meshless methods, such
as the one employed here, are inherently defective. The applicabil-
ity of a Lagrangian description with von Kármán nonlinearities in
regions with larger displacements should be further investigated
and it is likely to require a suitable FE formulation.Acknowledgments
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This section outlines the development of the dimensionless
Classic Plate Lamination Theory that as been produced in order
A. Pirrera et al. / International Journal of Solids and Structures 47 (2010) 3412–3425 3423to rescale the system of solving equations and alleviate its ill-
conditioning.
Let us consider a composite plate subject to a thermal load DT
in the reference system (x,y,z), with origin in the plate’s centre.
Let 2Lx, 2Ly, h be the side lengths and total thickness of the plate,
whose stacking sequence is made up of Nply layers. The plane
z = 0 coincides with the undeformed mid-surface. By the CLPT
kinematics, a material point under deformation moves from posi-
tion x = (x,y,z) to position x + u = (x + u,y + v,z +w), where the com-
ponents of the displacements vector are deﬁned by
uðx; y; zÞ ¼ u0ðx; yÞ  z @w0
@x
;
vðx; y; zÞ ¼ v0ðx; yÞ  z @w0
@y
;
wðx; y; zÞ ¼ w0ðx; yÞ
ðA:1Þ
and, as customary, the subscript 0 denotes plate middle-plane dis-
placements. For small strains and moderate rotations, the strain-
displacement relations are
exx ¼ @u
@x
þ 1
2
@w
@x
 2
;
eyy ¼ @v
@y
þ 1
2
@w
@y
 2
;
exy ¼ 12
@u
@y
þ @v
@x
þ @w
@x
@w
@y
 
:
ðA:2Þ
Substituting Eq. (A.1) in Eq. (A.2), the strain expressions reduce to
exx
eyy
exy
264
375 ¼ xxyy
xy
264
375þ z jxxjyy
jxy
264
375; ðA:3Þ
where
 ¼
xx
yy
xy
264
375 ¼
@u0
@x þ 12 @w0@x
 2
@v0
@y þ 12 @w0@y
 2
@u0
@y þ @v0@x þ @w0@x @w0@y
26664
37775; ðA:4Þ
j ¼
jxx
jyy
jxy
264
375 ¼
 @2w0
@x2
 @2w0
@y2
2 @2w0
@x@y
26664
37775: ðA:5Þ
For each orthotropic layer (k) the stress–strain relations expressed
in the laminate coordinates are
rxx
ryy
rxy
264
375
ðkÞ
¼
Q11 Q12 Q16
Q12 Q22 Q26
Q16 Q26 Q66
264
375
ðkÞ exx
eyy
exy
264
375 axxayy
2axy
264
375
ðkÞ
DT
0B@
1CA: ðA:6Þ
In Eq. (A.6), the thermal contribution has been included via intro-
ducing suitable thermal expansion coefﬁcients and a temperature
gradient DT. Combining Eqs. (A.3)–(A.6) and integrating over the
laminate thickness it is possible to obtain the equations for force
and moment resultants. They are given by
Nxx
Nyy
Nxy
264
375 ¼XNply
k¼1
Z zkþ1
zk
rxx
ryy
rxy
264
375dz ¼XNply
k¼1
Z zkþ1
zk
Q11 Q12 Q16
Q12 Q22 Q26
Q16 Q26 Q66
264
375
ðkÞ

exx
eyy
exy
264
375 axxayy
2axy
264
375
ðkÞ
DT
0B@
1CAdz;whence
Nxx
Nyy
Nxy
264
375¼ A11 A12 A16A12 A22 A26
A16 A26 A66
264
375 xxyy
xy
264
375þ B11 B12 B16B12 B22 B26
B16 B26 B66
264
375 jxxjyy
jxy
264
375 N
T
xx
NTyy
NTxy
2664
3775
ðA:7Þ
and
Mxx
Myy
Mxy
264
375 ¼XNply
k¼1
Z zkþ1
zk
rxx
ryy
rxy
264
375 z dz ¼XNply
k¼1
Z zkþ1
zk
Q11 Q12 Q16
Q12 Q22 Q26
Q16 Q26 Q66
264
375
ðkÞ

exx
eyy
exy
264
375 axxayy
2axy
264
375
ðkÞ
DT
0B@
1CA z dz;
thus
Mxx
Myy
Mxy
264
375¼ B11 B12 B16B12 B22 B26
B16 B26 B66
264
375 xxyy
xy
264
375þ D11 D12 D16D12 D22 D26
D16 D26 D66
264
375 jxxjyy
jxy
264
375 M
T
xx
MTyy
MTxy
2664
3775:
ðA:8Þ
The expressions of force and moment resultants, Eqs. (A.7) and (A.8)
can be recast as
N
M
 	
¼ A B
B D
 	

j
 	
 N
T
MT
" #
; ðA:9Þ
where
Aij ¼
XNply
k¼1
Q ðkÞij ðzkþ1  zkÞ; Bij ¼
XNply
k¼1
Q ðkÞij z
2
kþ1  z2k
 
;
Dij ¼
XNply
k¼1
Q ðkÞij z
3
kþ1  z3k
  ðA:10Þ
and
NT ¼
XNply
k¼1
Z zkþ1
zk
Q ðkÞaðkÞDT dz; ðA:11Þ
MT ¼
XNply
k¼1
Z zkþ1
zk
Q ðkÞaðkÞDT z dz: ðA:12Þ
Finally, by application of the Clapeyron’s theorem, the Total Potential
Energy of the plate is given as
P ¼
Z Lx
Lx
Z Ly
Ly
1
2

j
 	0 A B
B D
 	

j
 	
 N
T
MT
" #0

j
 	 !
dx dy; ðA:13Þ
where the prime symbol denotes vector transpose.
Eqs. (A.1), (A.12), and (A.13) constitute all of the ingredients
necessary to perform the dimensional analysis. In the reminder
of this appendix dimensionless quantities will be denoted by a
tilde.
Let us deﬁne the adimensional coordinates ~x ¼ x=Lx and
~y ¼ y=Ly and let the components of the adimensional midplane dis-
placements vector be
~u0 ¼ u0=U0; ~v0 ¼ v0=V0; ~w0 ¼ w0=W0: ðA:14Þ
Accordingly, strain components can be written in terms of adimen-
sional quantities as
3424 A. Pirrera et al. / International Journal of Solids and Structures 47 (2010) 3412–3425e ¼
Exx~xx
Eyy~yy
Exy~xy
264
375 ¼
U0
Lx
@~u0
@~x þ 12
W20
L2x
@ ~w0
@~x
 2
V0
Ly
@~v0
@~y þ 12
W20
L2y
@ ~w0
@~y
 2
U0
Ly
@~u0
@~y þ V0Lx
@~v0
@~x þ
W20
LxLy
@ ~w0
@~x
@ ~w0
@~y
2666664
3777775; ðA:15Þ
j ¼
Kxx~jxx
Kyy~jyy
Kxy~jxy
24 35 ¼
W0
L2x
@2 ~w0
@~x2
W0
L2y
@2 ~w0
@~y2
2 W0LxLy
@2 ~w0
@~x@~y
266664
377775; ðA:16Þ
so that

j
 	
¼
Exx 0 0 0 0 0
0 Eyy 0 0 0 0
0 0 Exy 0 0 0
0 0 0 Kxx 0 0
0 0 0 0 Kyy 0
0 0 0 0 0 Kxy
266666664
377777775
~
~j
 	
¼ E 0
0 K
 	
~
~j
 	
:
ðA:17Þ
Similarly
NT ¼ NT0~s ¼
XNply
k¼1
Z zkþ1
zk
Q ðkÞaðkÞDT0~s dz; ðA:18Þ
MT ¼MT0~s ¼
XNply
k¼1
Z zkþ1
zk
Q ðkÞaðkÞDT0~s z dz: ðA:19Þ
The Total Potential Energy (A.13) can now be written in adimensional
form
~P ¼
Z 1
1
Z 1
1
1
2
~
~j
 	0 ~A ~B
~B ~D
" #
~
~j
 	

~NT
~MT
" #0
~
~j
 	
~s
 !
d~x d~y; ðA:20Þ
where
~A ~B
~B ~D
" #
¼ 1
P0
E 0
0 K
 	
A B
B D
 	
E 0
0 K
 	
; ðA:21Þ
~NT
~MT
" #
¼ 1
P0
NT0
MT0
" #0
E 0
0 K
 	
: ðA:22Þ
In the expressions above, the matrices E and K contain the following
scaling factors:
Exx ¼ 12
W20
L2x
; Eyy ¼ 12
W20
L2y
; Exy ¼ W
2
0
LxLy
;
Kxx ¼ W0
L2x
; Kyy ¼ W0
L2y
; Kxy ¼ 2 W0LxLy : ðA:23Þ
The nondimensionalisation is completed by giving suitable expres-
sions for U0, V0, W0 and P0. The mid-plane displacements scaling
factors are stiffness-weighted thicknesses chosen from Diaconu
and Weaver, 2006:
U0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
A11A

22D

11D

22
p
Lx
; V0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
A11A

22D

11D

22
p
Ly
;
W0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
A11A

22D

11D

22
4
q
;
where Aij and D

ij are the elements of the matrices
A ¼ A1; B ¼ A1B; D ¼ D BA1B:
Lastly, the following scaling coefﬁcient for the total potential energy
was found to be effective:
P0 ¼ tr
E 0
0 K
 	
A B
B D
 	
E 0
0 K
 	 
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